
ISRAEL JOURNAL OF MATHEMATICS 91 (1995), 349-371 

THE ORDER OF A TYPICAL MATRIX 
WITH ENTRIES IN A FINITE FIELD* 

BY 

ERIC SCHMUTZ 

Mathematics and Computer Science Department 

Drexel University, Philadelphia, PA 1910~, USA 

e-mail: esehmutz@mcs.drexel.edu 

ABSTRACT 

If A is an invert ible  n • n ma t r i x  wi th  entr ies  in the  finite field Fq, let 

Tn(A) be its m i n i m u m  per iod or exponent ,  i.e. i ts  order  as an e lement  

of the  general  lineax group GL(n,  q). The  ma in  resul t  is, roughly, t h a t  

T n ( A )  ---- q n-(l~176 for a lmost  every A. 

1. I n t r o d u c t i o n  

Let Gn be the group of invertible n • n matrices with entries in the finite field Fq. 

For A E G,~, let Tn(A) be the order or minimum period of A, i.e., the smallest 

m > 0 such that A m is the identity matrix. Recently Stong [23] estimated the 

expected order: 
1 qn 

I~ l  T,~(A)= n,+o<l ). 
AEG,~ 

Although the average order is q '~-0~176162 most of the contribution to this 

average is from a small set of matrices with exceptionally large orders. It is 

therefore reasonable to ask how large the order is for a typical matrix. A rough 

statement of the main result in this paper (Theorem 13 and its corollary) is that 

almost every element of Gn has order q,~-0og ~)2+o(1). 

Theorem 13 will be reduced to a seemingly different question about random 

polynomials. Let/4~ be the set of monic degree n polynomials in Fq [A], and let 
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Pn be the set of polynomials in L/,~ that have non-zero constant terms. Suppose 

f = )~n _an_l .~n-1  _an_2/kn-2 . . . . .  a l A - a o  is in Pn- Let Cf be the companion 

matrix of f ,  i.e. 

Cf := 

i 1 0 0 . . . . . .  0 
0 1 0 . . . . . .  0 

. . . .  

0 0 . . . . . .  0 1 
ao al a2 . . . . . .  an-2 an-1 

Then C / i s  an element of ~ .  Abusing notation slightly, we call T, ,(C:)  the o r d e r  

of f and write Tn( f ) .  If f E/In, then there is a unique v _> 0 and g E P,~-v such 

that f = AVg. We extend Tn to/d~ by defining T,~(f) = T~_v(g). Theorem 1 

states, roughly, that for almost every f E/4n, T,~(f) = q n-(l~176 The tool 

that enables us to efficiently reduce Theorem 13 to Theorem 1 is an approximation 

theorem of Jennie Hansen and mine. A rough and informal statement of this 

theorem is that, except for its small factors, the characteristic polynomial of a 

typical matrix in G. resembles a typical monic degree n polynomial. 

2. P re l imina r i e s  

Let Q(1) be the uniform probability measure on/4n. Let Q(2) be the probability 

measure on/4,~ that is induced by the uniform measure on Gn, namely 

Q(2)({f}) = ~ { A E ~ n : f i s  the characteristic polynomial of A } .  

1 Our first goal is to prove Let e~ := Iogloglogn" 

THEOREM 1: Let B,~ := {f :  q ~-0~ < T~( f )  _< q~-(,og~)*-'~ }. There is a 

constant Nq such that, for all n >_ Nq, 

1- n <_ <_ 1. 

(The corresponding result for Q(2) is Theorem 13.) The proof of Theorem 1 will 

not be completed until the end of Section 6. In the remainder of this section, 

some basic number theoretic facts are collected for future reference. The first of 

these basic facts is "well known" [21]: 
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THEOREM 2: Let f C /An factor as f v ~ ~2. ~w = /k PiP2 . . p ~ ,  where t h e p i ' s  are 

distinct,  monic,  irreducible polynomials  in Fq [,k] that  are a11 different from A and 

have respective degrees dl < d2 <_ . . .  <_ d~. Let  7-i be the order of  pi (i.e. the 

order that  any root o f  Pi has in the spl i t t ing ~eld o f  pi). Finally, let p be the 

characteristic, let p := max{r1 , . . . ,  r~ }, and let t be t he / eas t  pos t ive  integer for 

which pt >_ p. Then  

T~(f )  = p t .  LCM(T1, "r2,..., r~). 

Theorem 2 provides an expression for Tn( f )  that  is exact but difficult to 

handle. Lemma 3 provides bounds for T~( f )  that are more convenient. But first 

we need some notation. Let f~d(f)  denote the number (counted with multiplicity) 

of irreducible factors of f whose degree is divisible by d. For d > 1, let Wd = 

Wd(f) : =  max(0 , -1  + ~'ld(f) ). For d = 1, let w l ( f )  -= max(0 , -1  + f~l(f) - v). 

(As before, v is the integer for which )~" divides f ,  but Av+l does not.) Finally 

l e t  ~d : Od(q) denote the d' th cyclotomic polynomial evaluated at q. Then, in 

the notation of Theorem 2, we have 

LEMMA 3: For all f C Lt,~, 

TI" r2. "'r,o < LCM(T1, r2 , . . . ,  r~o) < 

d d 

(q l - 1 ) . ( q  - 1 ) . . . ( q  - 1 )  

Proof." The upper bound was observed by Stong [23]. It is a consequence of the 

fact that Ti divides qdl _ 1, and the identity 

(2) LCM(q dl - 1,q d2 - 1,... ,qdw _ 1) = (qdl _ 1)(qd2 _ 1)..-(qd~ _ 1) 

d 

For the lower bound, we need some definitions. For all primes g, and for all 

positive integers i < w define: 

/3(g, i) := the largest k for which gk divides Ti, 

"y(g, i) := the largest k for which gk divides qdi _ 1, 

B(g) := max{~(e, 1), ~3(g, 2 ) , . . . ,  13(g, w)}, and 

Y(e) = max{3,(g, 1), 7(g, 2) , . . .  ,7(g,w)}. 

Then 

7-17"2"" " Tw = I I  ~/3(t,1)q-/3(s 

primes 
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and 

(3) LCM(T1,T2,...,T~) = 1-I tB(t) ~-" TI" T2"''Tw 
H ~-B(t).-bj3(t,1)+fl(t,2)T...+fl(t,w)" 

primes e primest 

From (2) we have 

(4) H ~  = H g-r(0+~(t,1)+~(t,~)+-..+~(e,~). 
d primes 

Comparing (3) and (4), we see that it is sufficient to verify that, for all primes g, 

-F(g)  + 7(g, 1) + 7(t, 2) +. . .  +"/(g, w) >_ - B ( t )  + 13(g, 1) + D(g, 2) + . . .  + j3(t, w). 

Because ~-i divides qd, _ 1 (i = 1 , . . . ,w) ,  we must have 7(g,J) >- D(g,J) for all 

j _< w. If we choose je so that "y(g, Jr) = F(f), then we have 

-F(g)  +7(g ,  1) +7(g,  2) + - . .  + 7(g,w) = ~ 7(g,j) 
j = l  

J~h 

>_ ~(f,j) = -Z(e,j~) + Z ~(g,j) >_ -B(g) + D(f,j). 
j=l j : l  j : l  

J~Jt 

It is clear from Lemma 3 that we shall need estimates for the cyclotomic 

polynomials evaluated at q. The following crude estimates suffice. 

LEMMA 4: For all prime powers q and all positive integers d, 

q�89 < (I)d < q2~(d). 

Proof'. The lower bound is proved in Kiss and Phong [19]. The upper bound is 

undoubtedly known, but I do not know a reference. An easy proof can be based 

on the identity 
d 

+d = H (q -- e2 ia/q)" 
GOD(a,d)=l  

We have 
d 

a = l  

GCD(a,d)----1 
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Then, using the fact that 

we get 

( 1 - ~ e  2"ia/q) _< ( 1 + ~ ) ,  

f [  1 ) )  ~(d) 
(I)d _< /,q~,i + 

Since q(1 + ~) < q2 we have ~)d  < q2~o(d). | 

Finally, we remark that the probability of a polynomial depends only on the 

degrees of its irreducible factors and their multiplicities. More precisely, suppose 
r O) 

that f = Av l-L=1 P[' and g = ~ I-Ii=l q[' are the canonical factorizations of f 

and g respectively, and suppose that degree(pi)=degree(qi) for i = 1, 2 , . . . ,w .  

Obviously Q(1)({f}) = Q(1)({g}). It is less obvious, but no less true, that 

Q(2)({f}) = Q(2)({g}). (See, for example, Gerstenhaber [13].) 

3. Smal l  d ivisors  

Let O)d(f) denote the number of different irreducible monic polynomials that 

divide f and whose degree is divisible by d. For example, if f E 7)n, then Wl = w. 

Otherwise wl = w + 1, the number of distinct irreducible factors that f has. 

Theorem 5 tells us how large the Wd'S typically are. For related results, see 

Barbour, Arratia and Tavar~ [1], Car [4], Gao and Richmond [12], Flajolet and 

Odlyzko [9], Flajolet and Soria [10-11], Hansen [16], Stong [24]. 

THEOREM 5: Let 
1 ( n )  

# = # ( d , n ) : =  ~log ~ , 

and let a = a(d, n) := x/ft" Let Dn be a sequence of positive real numbers with 

Dn = o(logn). I f  d = d(u) < Dn, then for any tixed reM number t, and for i -- 1 
or 2, 

t 

O(~) (~d:  # <_ t) -- (1 + 0(1)) f e-S2/2ds 

as n -* co. Furthermore, there is an absolute constant No such that, for any 

~f > O, and for all n >_ No, we have 
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(The constant No can be chosen uniformly for all d <_ Dn.) 

Proof Define Id(p):= 1 if the degree of p (denoted ]lpll) is divisible by d, and 

Id(p) := 0 otherwise. Let 

/ x \ mllpll 
F(x,y) :~-~ H(1 +yld(p) E ~q) )' 

p m>_l 

where the product is over all monic irreducible polynomials. Note that Q(1)(w d = 
k) is the coefficient of xny k in F(x,y). Let M,~(t) = [x'~F(x,e t) = EO)(e a~ 

be the "moment generating function" for Wd. (Here [xn] means "the coefficient 

of x n in . . . " . )  It is well known [5] that the first part of Theorem 5 (for i = 1) 

will follow if one can prove that, for any fixed real number t, 

(5) e-ta/~ = et2/2(1 + o(1)) 

as n -+ oo. In fact, a little bit more than this is true. Given to > 0, we find 

that (5) holds uniformly for all t in the interval - t o  < t _< to. The proof will be 

similar to that of the main theorem in [14]. Some parts of the proof are omitted 

to avoid repetition. Let r be the number of monic polynomials in Fq [A] that  

are irreducible over Fq and have degree d. For future reference, we record the 

well known fact that 

qd ql-d/2) e(d) < qd 
-7 (1 - < - -7 '  (6) 

Then we have 

Mn(t) = ix n] 

If we let 

H ( l+e t  E (q)mk)e(k) H (1-4- E (q)mk)e(k). 
k=_O(d) m>l k~O(d) m>_l 

[X~ mk 
q~k(x) = 1+ E kq} ' 

m>l 
then it is known [4] (and perhaps obvious [25]) that 

1 

H ~ ( k ) _  1 -  x" k 
We also have 

n 1 1 et( l  l_l_~(k) 
Mn( t )=[x  ~ - x  H (-~-Tk + ~ k / /  " 

k=O(d) 
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If we set z = z(n,  d) = e t /~ - 1, then 

. ~ 1  (1 z ( 1 -  1-~-~'~ e (k ) cgk ]  ] (7) M , ( t / a )  = l x " ~ _ ~ .  I I  + �9 
k=o(d) 

Until now, all generating functions have been t reated as formal power series. For 

x in the open unit  disc, define 

6n(X) :=  E r l ~  ~-~-7))-z E xA k '  
k=_O(d) k=O(d) 

where log denotes the principal branch of the logarithm. This requires the con> 

ment tha t  z = O(to /a )  = o(1), and also that  

1 k . x  2 k  . 

1 if7 k -(q) + 0 ( 7  ) :O(1). 

Thus 

ea'<x'=(1--xd)"ld H (1 + z(1-- ~--7)) e(k) 
x:--0(d) 

As in [14], we can analytically continue 6,, to a disc with any radius less than v@ 

To be definite, let D be the closed disc of radius (1 + x/2)/2,  and let A ,  denote 

the extension of aT, to D. The  extended flmctions An(m) are uniformly bounded 

on D, and for all m E D, An(m) --+ 0 as n --+ co. Returning to (7), we have 

M n ( t l a )  = lx"~ 
eA . ( x )  

(1 - x)(1 - xd)zl  d 
= BOO + R (T`), 

where 

B(n) : :  Iyxnll 
eA:(1) 

(1 - x)(1 - xa)ZI d' 

and 

R(~) := lxnl 
eAn(x) _ eA~(1) 

(1 - x)(1 - xd)zl  d" 

It is relatively easy to est imate B( ' ) :  

n {,~tdJ 
B ('~) = eA=(I) ~--]~Txk~(l - xa)-=la = eA=(') ~ [ u ~ (  I -- u)-=l d 

k:O m=O 

= ~A:(,)([~J +, ~) __ eAo(1)Lnldj:id(1 + o(I)). 
t, LaJ 
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An(I ) = o(1) and z = - + + 0 a ~ 

e- t t~/a  B (n) = eta~2(1 -t- o(1)). 

Using arguments similar to those in [14], one can prove that R (n) = o(B('~)). 
This completes the proof of the first part of the lemma for i --- 1. 

The computations are analagous for i = 2, but are slightly more complicated. 

In place of the generating function F(x, y), one has 

c~ qllpllj(j_ l ) xllpll j 
l--I[ yle(p) E 1 1 [  1 + (qllpllJ- 1 ) ( ~ - - - i ~ ) . . .  (qllpll- 1))" 
p j=l 

The details are omitted because the argument is almost identical to that in [14]. 

For the second part of Theorem 5, begin with the observation that, for i = 1 

or 2, 

Q(i ' (Wd-#>5#)  = Q(i ' (exp ( - ~ ) >  e(l+~'~'/~). 

On the other hand, for any y > 0, and any non-negative random variable X, 

E( i ) (x)  > y .  Q~)(X _> y). In particular, taking y = e (~+l)~/a and X = e ~~176 

we get 

O ( i ) ( w d -  # > 5p) <_e-(~*l)~'/aE(~)(exp(~-)) =e-5~ ' /aE(~) (exp(~-~) ) .  

However, by (5) (and its analog for i = 2) we have 

E(i'(exp ( ~ ) ) =  v~-~ o(1). 

Similar arguments yield 

O(~)(Wd- ,<-(~p)  < ( v ~ + o ( l ) ) e  - ~ ' / ~  ' 

If we let Dn := [ ( logn) l -~ /~J ,  then we have 

COROLLARY: Let An be the event that the inequalities IWd -- Pl < l p are ali 
satisfied (d = 1, 2,.. . ,  Dn). Then, for i = 1 or 2, 

Q(i)(.An) = 1 + o(en). 
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Proof: Observe that, for all d, 

Iwd- -< I d- + Iw - 

It follows directly from Theorem 5 that 

Q ( ~ ) ( [ W d - t t ] >  ~# for some d < D~) = o(en). 

It therefore suffices to prove that 

Q(~) ( IWd--Wdl< ~ #  for all d _< D~) = 1  + o(en). 

To this end, define a = a d ( f )  to be the number of irreducible factors of degree 

d, counted with multiplicity, that the characteristic polynomial of f has. Let 

C,~ := f:  c~k(f) _< e-~ for all k and ~k _< 1 for k > . 

In Section 5 (Lemma 6), it is proved that Q~)(C~) = 1 + o(e,~). But  for f e C~, 

we have 
1/~ 1 1 

j ]. " ~  

4. Upper bound 

In Theorems 1 and 13, the upper bounds for Tn are relatively easy; we are already 

in a position to prove them. If f E/4n, then by Theorem 2 and Lemma 3, we 

have 

(8) T n ( f )  < p t .  (qdl _ 1, qa2 _ 1 , . . . , q d ~  _ 1) 
o o  

I1 r 
d = l  

To estimate the numerator of (8), note that 

(qal _ 1)- (qa~ _ 1)- . .  (qd~ _ 1) < qdl+d2+...+d~ < q,~. 

Also 
pt < qp <_ qn = qO0Ogn) 
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Finally, since rl2d(q) ~ 1 for all d, we get can get a bound for the denominator of 

(8) by restricting the product to d's less than D,~ := d-Gcf[(logn)i-r 

II : - I I*Y' .  
d=l  d= l  

Putting these three estimates into (8) we get, for all f in/gn, 

qn+O(log n) 
(9) Tn ( f )  < 

17 G 
d~_D~ 

Lemma 4 and the corollary to Theorem 5 together imply that, with probability 
: + 

(10) r I  q(~(d),oa,~)/4a <_ H r <- I I  q4~,(d)log(,qd). 
d~D. d~D. d'~D,, 

It is well known [18, chapter 4] that, as y ~ oo, 

qo(d) _ 62 y(1 + o(1)). 
d 

d----1 

Putting this into (10) (with y = ~), we conclude that, with probability 1 + o(en), 

(11) qgOg~)'-""/" < H ~yd < q(lOg.)2. 
d<_D= 

Putting the first inequality of (11) back into (9), we get the upper bounds in 

Theorem 1 and Theorem 13: for i --- 1 or 2, 

Q(i)(W,~ < q n-(l~ = 1 + o(en). 

5. T e c h n i c a l  l e m m a s  

In this section we prove a series of technical lemmas. These lemmas will enable 

us to disregard various exceptional sets whose contribution is negligible. For any 

polynomial f ,  let IIfll denote its degree. In this section, i < j does not imply 

that Ilpill < Ilpj II; it is inconvenient notationally to continue with the convention 

of Theorem 2. 

First we show that only small irreducibles appear with multiplicity larger than 

one. This will be used in the proof of the lower bound in w Let C~d(f) be the 

number of monic irreducible factors of degree d, counted with multiplicity, that 

.f has. Then we have 
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LEMMA 6: With Q~- probability 1 + o(en) (i = 1 or 2), one has both ad <_ 1 for 

a11d > 1/e 2, and ad < 1/e 2 for a11 d > 1. 

Proo~ Let R n ( f )  be the number of pairs of monic irreducible polynomials whose 

product divides f ,  and which have a common degree larger than 1/e 2. In other 

words, 

R ~ ( f )  := [{(Pl,p2): IlPlll = liP211 > 1/e~ and PiP2 divides f}l" 

To prove the first part of the lemma, for i = 1, it suffices to prove that Q(1) (Rn > 

0) = o(,n). To this end, define Sm := {(Pl,P2): [[plll= Ilp2]l = m} to be the set 

of pairs of monic irreducible polynomials of degree m. Then 

O(1)(Rn > 0) < E ( 1 ) ( a n )  

n/2 

-=- E E Q(1)({f:Pip2dividesf}) 

n/2 qn--2m 
= �9 

m=L1/~J+l 

By (6) this is 
n/2 

z 

Similarly for the second part of the temma, let/3 = [ ~ J .  Then 

n/f~ qn-d~ 
q(i ) (ad _> /3 for some d > 2) < E e ( d ) ~  qn 

d=2 

By (6), this is o(cn). For d = 1, 

Q(~)(~, > Z) < - : 

For i = 2, we can take care of the "large degrees" using lemma 6 of [17]: 

Q(2)(ad < 1 for all d >_ 1/(2) = 1 + O(1/e2). 

Then all that remains is to verify that 

Q(2)((~d _< 1/~ 2 for all d < 1/(2) = 1 + 0 ( 1 / ~ ) .  
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I thank an anonymous referee for the following argument: If we set 

Y := ~d<Z C~d, then it suffices to prove that Q(2)(y > 1/e~) = o(en). Using 

Kung and Stong's vector space cycle index [24], one can verify that 

E ( Y  2) = O(log(1/e2)) = o(1/e). 

(The details are omitted. See [24] for very similar computations.) But then 

Q(2)(y > 1 / ~ )  < E(Y2)e~ = o(e). 1 

In the remainder of this section, the only probability measure considered is 

Q(D. In particular, Q(D is the implicit probability measure in the phrase "with 

probability 1 + o(en). �9 .". It is clear from Lemma 3 that we will need to estimate 

the product l id  (I)Y d. For small d's, we can use the corollary to Theorem 5 

to estimate each term in the product. To deal with d's in the narrow range 

(logn) 1-c- < d < (logn) 1+~-/3, we need 

LEMMA 7: With probabifity 1 + o(e~), one has 

(log n ) l + ' ~  

11 
d=(log n ) l - c -  

~ d  < q(logn) 2+2~'/3. 

Proo~ Let 
(log rt) l+~n/3 

Yn( f )  := Z ~o(d)Wd. 
d=  (log n ) 1 - � 9  

By Lemma 4, it suffices to prove that 

1 n)2+2~./3) (12) Q(1) ( y ,  > ~(log = o(e,). 

For any y > 0, E~(1)(Yn) > y .  Q(1)(Yn > y). In particular, taking y = 
1 (lno" ,,.~ ~ 2+2e~/3  ~.v~, "w , we get 

- �89 (log n)2+2~,,/3" 
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Lemma 6 implies that, with probability 1 + o(en), we have Wd < Wd for all 

d > (logn) 1-~.  We therefore get 

E(1)(Y~) 
(log n) l+ '~ /a  

d=(Iogn) 1 . . . .  =0(d) {monic, irred, p: Ilpll=m} 

(log n) l+ '~ /a  
q~-____~ 

= Z ~2(d) E s(m) q'~ 
d=(log n)l-~n l<~<, t  

m=O(d) 

(log n) a+' "/3 

E ~ ( d ) O ( ~  ~-) =O((l~ 
d=(logn)l-~n 

Q(l'({f:pdivides f } )  

Comparing this with (13) we get (12). 1 

For the intermediate range (log n)1+~./3 < d < (log n) 2+r we need 

LEMMA 8: With probability (1 + o(en)), one has 

(log n) 2+`"/2 

II 
d=(log n)l+~,~/3 

~ d  < q(logn) 2+'~/2. 

Proo~ Let 
(log n) 2+""/2 

W ~ =  
d=(log n)l+~,t/a 

Again by Lemma 4, it suffices to prove that, 

Because 

v(d)wa. 

E ( 1 ) ( W n )  

(log n)2+~-/2' 

it suffices to prove that E(~I)(wn) = o(en(logn)2+~"/2). For d > 1, 

E(1)(Wd) = ZjQ(1)(~'ld - 1 = j) = Z ( r  - 1)QO)(fla = r) 
j_>2 ,-_>2 

1 Q(1) / } )  + 0(1), _< E(T- E ((i: p,p2...p, divides 
r>2 (pl ,p2 ..... p-) 

IlPdl=0(d) 
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where the inner sum is over all ordered r-tuples of irreducible polynomials whose 

degree is divisible by d. We can easily estimate the inner sum: 

< 

Q(1)({f:plp2 . . . .  p~ divides f } )  
(Pl 'P2,' ,,,pr) 
IlPill=O(d) 

/ qn-ml -m2-...-,nr 
E / ). 

(ml ,m 2 ..... mr) 
nz,~0(d) and m~_n 

By (6), we have r _< q'~'/mi. Hence the last sum is 

Z O(mlm:l . . .mr) = O ( ( ~ ) ~ )  ' 
(m 1 *m2,-.-,mr) 

mi~O(d) and m<_n 

But then 

(log n) 2+~ n/2 

E(1)(W") = Z ~(d) Z ( r -  1 ) o ( ( l o g n ) r )  
r! d ! 

d=(logn)]+fn/3 r~2 

(log n) 2+(n/2 
(log n)" 1 

<< Z (-r = ~ . I  Z d r - 1  " 
r ~ _ 2  d=(logn)l+.~/3 

The contribution to this sum from the r -- 2 term is small enough: 

(logn) 2+'~/2 

(log n)2 E 
d=(logn)X+(-/a 

1 ( ) 
= 0  (logn)21oglogn =o(en(logn)2+("/2).  

The remaining terms (r _> 3) are negligible: 

(log n) '~ (l~ n)2+'/2 1 

__ "~'~ ~ .  d=(logn)l+cn/3 

(log n)" 1 
= o(en (log n) 2+~"/2). 

Finally, for large d's we need 
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LEMMA 9: With probability (1 + o(en)), one has Wd = 0 for all d > (log n)  2+e - /3 .  

Proo~ Let 

B ~ ( f )  := Z { (pl' p2 ): p'i =- O( d) and plp2 divides f } " 
d>(log ~.) 2q-~n/2 

~(1)(B O) o(e,,). A similar averaging argument It suffices to show that  .~. t ,~ > = 

works: 

/ log 2 n \ 
Q(1)(B.  > 0) ~_ E(1)(B..) < ~ 0 ( - - - ~ )  = o(en). | 

d> (log n) TM-/3 

COROLLARY: With probability 1 + o(e,~), 

H r = 1. 
d> (log n) 2+~-/3 

Finally, in proving the lower bound, we shall need information about the 

distribution of orders for irreducible polynomials of a given degree. For this 

we require 

LEMMA 10: Define E(d, n) to be the number of monic irreducible polynomials 

that have degree d and order less than qd/n~, where ~ = ~(n) := [(logn)C-/2]. 

Then there is a constant c such that, for all sufficiently large n, and for all d < n, 

qd-c~ 
E(d, n) < 

Proo~ The order of any irreducible polynomial of degree d divides qd _ 1. 

Furthermore, for each m dividing qd _ 1, the number of monic irreducible poly- 

nomials that  have of order m and degree d is at most ~(m) /d  [15, page 85]. 

Finally, ~(m)  < m for all m. Combining all these facts, we get 

E ( a , . ) <  _ e _ ?  Z m. 
mlqd--I mlqd-1 

If mk = qa _ 1 and rn < qd/n~, then k >_ n~(1 - 1/q d) >_ �89 ~. Thus we have 

1 qd _ 1 qd 1 
Z Z 

klqd--1 klqd--1 



364 E.  S C H M U T Z  Isr.  J.  M a t h ,  

Let P+(k )  denote the largest prime factor of k. We split the sum as follows: 

qd 1 _ ~ ( ~ 1  ~ 1  

klqd--1 

where the sum ~1 is over all k for which: 

(a) k divides qd _ 1, 

(b) k > ln~, and 

(c) P+(k)  > n 4. 

(In the second sum ~ 2  one has P+(k)  <_ n4.) To estimate ~1 ,  we further 

decompose it according to the size of the largest prime factor of k. Factoring k 

as k = p . j ,  where p = P+(k)  >_ n 4 and j lq  a - 1, we get: 

1 

primes :v>. 4 jlqd--1 P3 
plqa-1 

Obviously qd _ 1 has Oq(d) = O(n)  prime factors [8]. We therefore have the 

crude estimate 

Erdbs [8] proved that 

Thus 

Z -1 :o.(1)  
p ~ "  

primes p)n 4 
plqa--1 

E 1 = O(log log d). 
m 

m[qd--1 

log log n E--o( , 
1 

To deal with ~2,  we first define r y) to be the number of positive integers 

_< x having prime factors that axe all less than or equal to y. Then 

1 
E2 < Z -i 

k:qn>k>�89 
P+(k)<_n 4 

Z, 
k: q,,>k>�89 k:k_>�89 

k(k + 1)" 
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It is well known [15] that there are constants co, cl such that,  for all x > y > 2, 

f log x 
~(x,Y) ___ cxx exPt-C0i~-~gv). 

In particular, with y = n 4 and x = k, we get 

�9 (k, n 4) 
E2<- E k(k+l~) <q-~( 

k:k>_�89 

for some constant c. | 

6. Lower  b o u n d  

Combining (11) with Lemma 7, Lemma 8, and the corollary to Lemma 9, we 

conclude that,  with probability 1 + o(en), 

(14) ~-[ (~ya < q(logn) 2+3~'/4. 
d----1 

Therefore, by Lemma 3, we have 

T1 �9 7"2"" "~-~ 
(15) o(nl)(Wn > q-0-og-'~3-~]-4 ) : 1  "~-o((_n). 

In order to use (15), we need to determine how large the Ti'S are. 

LEMMA 11: Let 5~7 := ~f:  Ti > ~ for a l l /  < w} Then, for k 1 or 2, 
- -  n ~  - -  " % J 

Q(k)(SrT) = 1 + o(en). 

Remark: Intuitively, we expect the 7-i's to be conditionally independent, given 

the degree sequence. When coupled with Lemma 10, this should tell us how large 

the 7-i's are. This heuristic is not misleading, but it is not strictly true either. In 

order to provide a rigorous proof, it is necessary to identify various exceptional 

sets whose contribution is negligible. I have not been able to simplify the proof. 

Proof.' Let us revert to our notational conventions from Theorem 2: irreducible 

factors of a polynomial f will be labelled in an order that refines the ordering 

by degrees. In other words, if f = , rl ,-2. ~ ,  = Pl P2 "'P~ and di ]]pill, then it is 

understood that dl _< d2 _< -.- < d~. With this notational convention, we can 

define L := [c . . .  log n J, and let 

(16) "~(f) := min{i: lip, I[ > L}. 
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(For those exceptional polynomials whose irreducible factors' degrees are all less 

than L, define 7(f)  = w(f), say. These form a small set whose probability 

is negligible [22], [17].) Lemma 6 implies that, with probability 1 + o(en), we 

have diri < L for all i < 7. Hence, with Q(k)-probability 1 + o(en), we have 

qd~/n~ < 1 for all i < % Since the ri's are all positive integers, it follows 

immediately that, with Q(k)-probability 1 + o(en), we have 

qdirl 
(17) (Vi < -,/) 7-i > n~-~--" 

It is therefore sufficient to prove that, with probability 1 + o(e,~), one has Ti _> 

qd,~,/n~ for all i in the interval -/(f) < i < w(f). Let 

-~1 := {f: Ti > qd'~'/nr for all i in the interval 7 < i < w}. 

By (17), it suffices to prove that  Q(k)($-l) = 1 + o(e,). 

To this end, define 

and 

f2  := {f: r~ = 1 f o r " / < / < w } ,  

J:3 := {f:d,  r  for ~_< i < j  ___~}. 

Also, let ~'4 consist of those polynomials in L/,~ for which there are at most 2 log n 

distinct irreducible factors of degree larger than L. Finally, let 

By Lemma 6 and Theorem 5, we have Q(k)(~5) = 1 + o(e,~). Thus we have 

(18) Q(k)(fs) : 1 + o(e~), k : 1, 2. 

This will enable us to restrict our attention to ~-6d-----ee$-i n 5r5. Notice that 

Q(k) (9Vl) -- Q(k)($'6) + Q(k)()t" 1 n ~'~). 

Certainly the second term is negligible by (18): 

Q(k)(grl n S'j) _< Q~k)(gr~) = o(e~). 
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It therefore suffices to prove that  Q(k)(~'6) = 1 + o(e=). To this end, define 

b { } fl(a,b):= (3i)i=a:L<ja<j~+l < ' " < j b a n d  Z j i < n  . 
i=a 

For f =  (3i)i=~" i=b E J(a, b), let 

Ay := { f e ~ - 2 : 3 ' = a ,  w = b ,  a n d d i = j l  f o r i = a , a + l , . . . , b } .  

Then 

(19) Q(k)(~-5) = Z Z Q(k)(AJ')' 
b-a<21og ~ yef f (a ,b)  

a<b 

and 

(20) 

o ~ k ) ( f 6 )  = Z Z t3(k)(A-~t3(k) �9 ~n , 3,'~n (ri >_ qd'~'/n~ for 7 -< i < ~[A~). 
b--~<21os,~ j*EJ(a,b) 

a<b 

Note that, for f E Ay, we have ri = 1 for a < i < b. Because the degrees are 

distinct, we have conditional independence: 

qd~ b qd~ x 

(21) Q(k) @i > -~  for 3" <_ i < wlAy ) = H Q(k) ( Ti > -~]Ay). 
i=a 

By Lemma 10 we have, for a < i < b, 

Q(k)(T ~ > qd, . > (1 - ~ j  

(where ~ = L(logn)~"/2J and cn = 1/ log log log n). From (6), we have e(d) _> 

qd/2d, and consequently qd'-cr < 2q -~r Thus 

b 

i = a  

> (1 - 2 q - C q  2~~ = 1 + O(~n). 

It is important to note that  the constant implicit in the o(en) can be chosen 

uniformly with repsect to j'. If we put this into (21) and then (20), we get: 
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Q~)(.T'6) = E E Q(~k)(Af)(1 + o(c~)) 
b-~<21og~ yEJ(a,b) 

a<b 

= Q(k)(Us)(1 + o(en)) = 1 + o(en). | 

With Lemma 11 at our disposal, we can now prove the lower bound in 

Theorem 1. Define Us := {f:  w _< 21ogn } AUT. By Theorem 5 and Lemma 11, 

Q(k)($'s) = 1 + o(en). But for ALL f E Us, 

qdlr l+. . .+d~r~ q n - V  qn-V 
TI T2 "" " Toa ~> -- > - -  

- -  nW~ nW~ - -  n2 ,~  l o g  n " 

Recall the definition of v: A~ divides f but A.+I does not. To deal with v, 

note that  for any postive integer Vo <_ n, QO)(v > vo) = 1/q TM. Also note that 

Q(2)(v > 0) = 0. Let ~-9 = {f: v < (loglogn)2}, and let Ulo = 9~s~JC9- 

Then Q(k)(.)rg) = 1 + o(e,~), and consequently Q(k)(>-m) --- 1 + o(~) .  But for all 

f e 5~-10, 

q n -  (log log n) 2 

(22) "r lT2 ' '  "Tw >_ n2lOgn~ >_ q n-( l~ �9 

This completes the proof of the lower bound in Theorem 1. | 

7. R e d u c t i o n  f rom ma t r i ce s  to  polynomials 

We have determined the order of a typical polynomial. Our goal is to determine 

the order of a typical matrix. The second problem will be reduced to the first 

problem using an approximation theorem that is stated below. Recall that c~i(f) 

denotes the number of irreducible factors of degree i that f has. Given g = g(n), 

let A (~) = (~+1, ae+2, . . . ,  a~). Then we have 

THEOREM 12 ([17]): There is an absolute constant co such that, for a1I positve 

integers g and n that satisfy c01ogn _< g < n, and for all B c_C_ N ~-~, 

I c0 Q 2)(A  e B) - c B) < 7" 

Theorem 12 will be used to prove the following 

THEOREM 13: There is a constant Nq such that, for all n >_ Nq, 

_< _< i. 
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One could prove Theorem 13 directly, without using Theorem 12, if one instead 

used Kung and Stong's vector space cycle index identity [24]. The ideas would be 

very similar to those in the proof of Theorem 1, but the computations would be 

very long and complicated. Although our proof of Theorem 13 is not completely 

trivial, it is signifigantly shorter than a direct proof. 

Proof: The upper bound for Tn was already proved in section 4. To prove the 

lower bound, observe that for all f E L/n, Tn ( f )  _> LCM(77, T7+1,... ,  T~). Define 
! 

~d(f) to be the number of irreducible factors of f whose degree is (a) divisible 
I ! 

by d, and (b) larger than L. Let Wd(f) = max(0,--1 + ~d(f))" Then, as in 

Lemma 3, 
LCM(7-y, T-~+I,...,V~) ~_ T.yV-y+l'','T~o 

d 

Let Dn( f )  = %%+1""~-~. If we can prove both of the inequalities Dn _> 
! 

q ~-(l~ and [I  (I)d ~ ~ q (l~ then we certainly also have Tn( f )  > 
d 

q ~-(l~ . By Theorem 12, we have 

I ! 

= + 

d d 

I 

On the other hand, using (14) and the fact that w d < Wd, we get 

d d 

It therefore suffices to show that 

Q(2)(Dn _> q n-(l~ = 1 4- o(e.n). 

By Theorem 5, Q(2)(w > 21ogn) = o(en). This plus Lemma 11 imply that,  with 

Q(2)-probability 1 + o(en), we have 

D n  > qd~rT+...+d~r~ ) qn_(logn)2+a,,,/4 
- -  n 2 ~  l o g  n - -  

It is not quite true that  the order of a matrix is the order of its characteristic 

polynomial. However, they differ by no more than a factor of nq. Hence we can 

also prove the following 
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COROLLARY: Let  Sn consist o f  those matrices A C G,~ for which q n-(l~ _< 

T~(A) _< q~ (I~ Then 

Q(2)(Sn) = 1 + O(en). 

Perhaps the main results in this paper could be strengthened using more 

sophisticated techniques from probability theory. 

ACKNOWLEDGEMENT: I am grateful to Jennie Hansen for some helpful 
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