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ABSTRACT
If A is an invertible n x n matrix with entries in the finite field Fg, let
Tn(A) be its minimum period or exponent, i.e. its order as an element

of the general linear group GL{n,q). The main result is, roughly, that

Tn(A) = qn_(l°5")2+ou) for almost every A.

1. Introduction

Let G, be the group of invertible n x n matrices with entries in the finite field F,.
For A € G,,, let T,(A) be the order or minimum period of A, i.e., the smallest
m > 0 such that A™ is the identity matrix. Recently Stong [23] estimated the
expected order:

71

|gn| Z T n1+o( )

A€Gn

Although the average order is ¢"~ (18 )l He())

, most of the contribution to this
average is from a small set of matrices with exceptionally large orders. It is
therefore reasonable to ask how large the order is for a typical matrix. A rough
statement of the main result in this paper (Theorem 13 and its corollary) is that
almost every element of G, has order gn—(egm)*+*®),

Theorem 13 will be reduced to a seemingly different question about random

polynomials. Let Uy, be the set of monic degree n polynomials in Fy[A], and let

* Supported by N.S.F. (D.M.S. 9101753).
Received November 17, 1992 and in revised form September 14, 1993

349



350 E. SCHMUTZ Isr. J. Math.

P.. be the set of polynomials in i, that have non-zero constant terms. Suppose
f=A"—a, 12" 1 —a, 2A""2—...—ajA—ag is in P,. Let C; be the companion
matrix of f, i.e.

0 1 0 O 0
0 0 1 o0 0
. 0
Cy:= .
0o 0 0 - el 0 1
ay ay az ‘- “rr Gn—2  Qn-1

Then Cy is an element of G,. Abusing notation slightly, we call T,,(Cy) the order
of f and write T,,(f)- If f € U,, then there is a unique v > 0 and g € P,_,, such
that f = AYg. We extend T, to U,, by defining T,(f) = Tp_.(g). Theorem 1
states, roughly, that for almost every f € Uy, To(f) = g*~ g™ The tool
that enables us to efficiently reduce Theorem 13 to Theorem 1 is an approximation
theorem of Jennie Hansen and mine. A rough and informal statement of this
theorem is that, except for its small factors, the characteristic polynomial of a

typical matrix in G,, resembles a typical monic degree n polynomial.

2. Preliminaries

Let Qsll) be the uniform probability measure on U,,. Let Qg‘)) be the probability
measure on U, that is induced by the uniform measure on G,, namely

Qﬁf)({ = |?ITI{A € Gn: f is the characteristic polynomial of A}’

Let ¢, : Our first goal is to prove

— 1
~ logloglogn*

THEOREM 1: Let B, := {f3 gn(log )™ < () < gn-Clogm)*Ten } There is a
constant Ny such that, for alln > N,

1~ e, < QU (Ba) < 1.

(The corresponding result for Qg) is Theorem 13.) The proof of Theorem 1 will
not be completed until the end of Section 6. In the remainder of this section,
some basic number theoretic facts are collected for future reference. The first of
these basic facts is “well known”[21]:
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THEOREM 2: Let f € U, factor as f = A'pi'py?---pl~, where the p;’s are
distinct, monic, irreducible polynomials in Fq[A] that are all different from X and
have respective degrees dy < dy < --- < d,. Let 7; be the order of p; (i.e. the
order that any root of p; has in the splitting field of p;). Finally, let p be the
characteristic, let p := max{rl, B rw}, and let t be the least postive integer for
which pt > p. Then

T,.(f) = p' - LCM(7y, 72, ..., 7).

Theorem 2 provides an expression for T,(f) that is exact but difficult to
handle. Lemma 3 provides bounds for T, (f) that are more convenient. But first
we need some notation. Let Q4(f) denote the number (counted with multiplicity)
of irreducible factors of f whose degree is divisible by d. For d > 1, let wy; =
wa(f) := max(0, -1 + Qq4(f)). For d = 1, let wi(f) = max(0, -1+ Q(f) - v).
(As before, v is the integer for which X divides f, but A”*! does not.) Finally
let @4 = ®4(q) denote the d’th cyclotomic polynomial evaluated at g. Then, in
the notation of Theorem 2, we have

LEMMA 3: For all f € U,

Ty To  *Tw (qdl_l)(qd2_1)(qdw_1)
15" 17 '
d d

Proof: The upper bound was observed by Stong [23]. It is a consequence of the
fact that 7; divides ¢% — 1, and the identity

<LCM(r1,72,...,Tw) <

(g% - 1(g*” —1)---(g* - 1)
e

(2)  LCM(¢% —1,¢% —1,...,¢% -1)=

For the lower bound, we need some definitions. For all primes ¢, and for all
positive integers 1 < w define:
B(£,7) := the largest k for which ¢* divides 7,
v(£,1) := the largest k for which £* divides ¢% — 1,
B(¢) := max{B(¢,1), 8(¢,2),.. . B(¢,w)}, and
I'(6) = max{y(£,1),7(£,2),...,7(f,w)}.
Then

nryemy = [ PEDAENT A8

primes ¢
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and
_ B(¢) _ T Ty Ty
(3) LCM(m1,72y.--,Tw) = H { = T PO DT A
primes £ primes?
From (2) we have
(4) H oy = H - TO+(ED)+7(2,2)+ -+ (Lw)
d primes £

Comparing (3) and (4), we see that it is sufficient to verify that, for all primes ¢,
_F(E) + ’7((7 1) + 7([7 2) +- +’}’(Z,LU) b _B(z) + :B(ea 1) + /B(e, 2) +--- ﬂ(ea w)'

Because 7; divides ¢% — 1 (i = 1,...,w), we must have v(¢,7) > B(£,j) for all
j < w. If we choose j, so that v(¢, j¢) = I'(¢£), then we have

w

IO + 71D +7(62) +--- +7(6w) = Y (4)
jj;;t

> ) B(65)=-Bte) + Y B(L5) > -BEO)+ ) B(t5). W

J=2 Jj=1 j=1
J#ie

It is clear from Lemma 3 that we shall need estimates for the cyclotomic
polynomials evaluated at g. The following crude estimates suffice.

LEMMA 4: For all prime powers q and all positive integers d,

@D < d, < g¥ @,

Proof: The lower bound is proved in Kiss and Phong [19]. The upper bound is
undoubtedly known, but I do not know a reference. An easy proof can be based

on the identity
d

b= I a-emm
GOD(ad)=1
We have

'q,d(q)l = g4 H |(1 - 162”&/4) |

q
GCD(a,d)=1
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Then, using the fact that

(1= g < (1+3),

q
we get
1\\ »(d)
2 (of1+7))
q
Since g(1 + %) < g%, we have &4 < ¢2¢(d), [ |

Finally, we remark that the probability of a polynomial depends only on the
degrees of its irreducible factors and their multiplicities. More precisely, suppose
that f = AV ]2, pi* and g = XY [];_, ¢* are the canonical factorizations of f
and g respectively, and suppose that degree(p;)=degree(g;) for : = 1,2,...,w.
Obviously Qg,l)({ = 5,1)({9}). It is less obvious, but no less true, that

Qg)({f}) = Q&z)({g}). (See, for example, Gerstenhaber [13].)

3. Small divisors

Let wq(f) denote the number of different irreducible monic polynomials that
divide f and whose degree is divisible by d. For example, if f € P,, then w; = w.
Otherwise w; = w + 1, the number of distinct irreducible factors that f has.
Theorem 5 tells us how large the wy’s typically are. For related results, see
Barbour, Arratia and Tavaré (1], Car [4], Gao and Richmond [12], Flajolet and
Odlyzko [9], Flajolet and Soria [10-11], Hansen [16], Stong [24].

THEOREM 5: Let

p=u(d,n):= %103 (%)

and let 0 = o(d,n) := \/p. Let D, be a sequence of positive real numbers with
D, = o(logn). Ifd = d(n) < D, then for any fixed real number t, and for i = 1
or 2,

QP (H <) = %1—)) /te‘sz/zds

as n — oo. Furthermore, there is an absolute constant Ny such that, for any
0 > 0, and for all n > Ny, we have

—_00

QS) (|wd - ul > 6,u> < 2e%K/%9
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(The constant Ny can be chosen uniformly for all d < D,,.)

Proof: Define I4(p) := 1 if the degree of p (denoted ||p||) is divisible by d, and
I4(p) := 0 otherwise. Let

o =TT+ 3 (2™,

m>1

where the product is over all monic irreducible polynomials Note that Q&l)(wd =
k) is the coefficient of z"y* in F(z,y). Let M,(t) = [z"]F(x,e?) E,(ll)(e“*’d)
be the “moment generating function” for wg. (Here [z"] means “the coefficient
of z™ in...”.) It is well known [5] that the first part of Theorem 5 (for ¢ = 1)
will follow if one can prove that, for any fixed real number ¢,

(5) e~ M, (t/o) = e /2(1 + o(1))

as n — oo. In fact, a little bit more than this is true. Given to > 0, we find
that (5) holds uniformly for all ¢ in the interval —ty < ¢ < to9. The proof will be
similar to that of the main theorem in [14]. Some parts of the proof are omitted
to avoid repetition. Let e(d) be the number of monic polynomials in Fy[A] that
are irreducible over F, and have degree d. For future reference, we record the
well known fact that

©) Ca- g9ty < e@y < £

Then we have
=1 IT (e S (3)7)7 T (-2 (5)™)™
k=0(d) m>1 kZ0(d) m>1

If we let

_1+Z( )

m>1

then it is known [4] (and perhaps obvious [25)]) that
1
H \I,i(k) -
A 1-z

We also have
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If we set z = z(n,d) = €!/? — 1, then
ek}
(7) Mottfo) =12 T (1+2(1- =) “

Until now, all generating functions have been treated as formal power series. For

z in the open unit disc, define

bn(x) := Z s(k)log(1+z(1—qlik)>—z Z %,

k=0(d) k=0(d)

where log denotes the principal branch of the logarithm. This requires the com-
ment that z = O(tg/c) = o(1), and also that

- 4= () ol

; ) =o(.

Thus

@ = (1 - 24)/d | (1+ (1——))“”.

k=0(d)

As in [14], we can analytically continue 6, to a disc with any radius less than ,/g.
To be definite, let D be the closed disc of radius (1 + \/i) /2, and let A,, denote
the extension of §,, to D. The extended functions A, (x) are uniformly bounded
on D, and for all r € D, A,(z) — 0 as n — co. Returning to (7}, we have

e
Mat/0) = " g —marers = B + RO,
where
o - An()
—x)(1 - xd)z/&
and An(@) _ ¢An(1)
R .= [z"]

(1 —z)(1— zd)z/d’
It is relatively easy to estimate B(™

{n/d]
B(n) _ eA (I)ZEzk]] —z/d _ eA (1) Z [[umll 1 _u —z2/d
k=0 m=0

= Bn(D) 131 +3 = Ay /q /4 ‘
( L ) [nJd) /(1 + o(1))
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Recall that 3

+—t2-2+0(t—°).

t
A, (1) =0o(1 d ==
(1)=o(1) and 2 c 20 o3

Hence
e t/opn) — et2/2(1 + o(1)).

Using arguments similar to those in [14], one can prove that R™) = o(B™),
This completes the proof of the first part of the lemma for ¢ = 1.

The computations are analagous for i = 2, but are slightly more complicated.
In place of the generating function F'(z,y), one has

1 Li(p) _ _
l—pl( Ty ; (g!Plli — 1)(g!PllG=1) — 1) ... (gllPIl - 1)

The details are omitted because the argument is almost identical to that in [14].
For the second part of Theorem 5, begin with the observation that, for i = 1

or 2,
Q) (uas — 1> 81) = Q) (exp (22 > (04907,

On the other hand, for any y > 0, and any non-negative random variable X,
ES(X) > y- QP (X > y). In particular, taking y = e@+D#/? and X = ewa/?,

we get
QS) (wd —pu> 511) < €~(6+1)“/0E,(f) (exp (?)) = e_éﬂ/oEr(f) (exp (Wda_ #))

However, by (5) (and its analog for i = 2) we have

£ e (*454)) = e ot

Similar arguments yield

QY (wd —u< —6u) < (Ve + o(1))e5%/7, ]

If we let D, :=|(logn)!~¢~/2], then we have

COROLLARY: Let A, be the event that the inequalities [wq — p| < i are all
satisfied (d =1,2,...,D,). Then, fori =1 or 2,

QW (A,) = 1+ o(en).
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Proof: Observe that, for all d,
|Wd - MI < |wd - Ml + |Wd - wd|-
It follows directly from Theorem 5 that
: 1

QSf) (|wd - ,u| > e for some d < Dn> = 0{en ).
It therefore suffices to prove that

@) 1

Q. (‘wd - wd| < i for all d < Dn) =1+ o(ep).

To this end, define o = a4(f) to be the number of irreducible factors of degree

d, counted with multiplicity, that the characteristic polynomial of f has. Let

1 1
Cp = {f: ar(f) < ) for all k and ax < 1 for k > 22—}

2
n n

In Section 5 (Lemma 6), it is proved that QY )(Cn) =1+ o{e,). But for f € C,,

we have
1/

1
|Wd_wd|SZ;2_<ZN- i

j=1°"

4. Upper bound

In Theorems 1 and 13, the upper bounds for T,, are relatively easy; we are already
in a position to prove them. If f € U,, then by Theorem 2 and Lemma 3, we

have
dy d2 d
(q _laq —1,---#1“’—1)
(8) Tn(f) Spt . %) .
Il &3
d=1

To estimate the numerator of (8), note that

(@7 —1)- (g% — 1) (q% — 1) < ghthttd < g7

Also

P <gp < qn=qOlEm),
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Finally, since ®4(q) > 1 for all d, we get can get a bound for the denominator of
(8) by restricting the product to d’s less than D, := 4 (log n)i=en/2|:

%) D,
ITe5« > [] e
d=1 d=1

Putting these three estimates into (8) we get, for all f in U,

n+O0(logn)

q
(9) Ta(f) < B

d<D.
Lemma 4 and the corollary to Theorem 5 together imply that, with probability
1+ o(en),
(10) [T qte@esm/ad < H aye < J et estnsa,
d<D, d<D, d<D,

It is well known [18, chapter 4] that, as y — oo,

Z#:W (1 + o(1)).
d=1

Putting this into (10) (with y = £), we conclude that, with probability 1 + o(e,),
(11) q(logn)z—a‘“/‘ < H Y < q(logn)2.
d<D,

Putting the first inequality of (11) back into (9), we get the upper bounds in
Theorem 1 and Theorem 13: for i =1 or 2,

QT <187 ) < 1 4 o).

5. Technical lemmas

In this section we prove a series of technical lemmas. These lemmas will enable
us to disregard various exceptional sets whose contribution is negligible. For any
polynomial f, let ||f|| denote its degree. In this section, 7 < j does not imply
that ||p:|| < |{p;l; it is inconvenient notationally to continue with the convention
of Theorem 2.

First we show that only small irreducibles appear with multiplicity larger than
one. This will be used in the proof of the lower bound in §6. Let a4(f) be the
number of monic irreducible factors of degree d, counted with multiplicity, that
f has. Thén we have
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LEMMA 6: With Q- probability 1+ o(e,,) (i = 1 or 2), one has both ag < 1 for
alld > 1/e2, and ag < 1/€2 for alld > 1.

Proof: Let R,,(f) be the number of pairs of monic irreducible polynomials whose
product divides f, and which have a common degree larger than 1/¢2. In other

words,

Ra(f) = [{(p1,2): |Ipall = llp2ll > 1/€; and pips divides f}|.

To prove the first part of the lemma, for ¢ = 1, it suffices to prove that Qg) (R, >
0) = o(e,). To this end, define Sy, := {(p1,p2): ||p1l| = ||p2|| = m} to be the set

of pairs of monic irreducible polynomials of degree m. Then

QM R, > 0) < EP(Rn)
nf2

Z Z lel) ({f p1p2 divides f})
m=|1/€Z|+1 (p1,p2)ESm
nf2

Z e(m)2q

m=|1/e2 |+1

i

n—2m

qn

By (6) this is
n/2

3 o(-n%) — 0(&2).

m={1/e2 |+1

Similarly for the second part of the lemma, let 8 = I_;lfj Then

n/B s
QWM(ayg> B for some d > 2) < Zs(d)ﬂq =
d=2
By (6), this is o(e,). For d =1,
E(l)(a ) 1
(1) n 1) _ LA
QP > ) < T2 = 0( 5) = ofen).

For i = 2, we can take care of the “large degrees” using lemma 6 of {17]:
QP (g <1foralld>1/e2) =1+ 0(1/€2).
Then all that remains is to verify that

QP (ag <1/ foralld < 1/e2) =1+ O(1/€2).
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I thank an anonymous referee for the following argument: If we set
Y := 3 ,cp 0, then it suffices to prove that Qs,z)(Y > 1/€2) = o(e,). Using
Kung and Stong’s vector space cycle index [24], one can verify that

E(Y?) = O(log(1/e7,)) = o(1/e).
(The details are omitted. See [24] for very similar computations.) But then

QY >1/E) < E(YHE =o(e). 1

In the remainder of this section, the only probability measure considered is
Qﬁ,l). In particular, QQ) is the implicit probability measure in the phrase “with
probability 1+ o(e,)...”. It is clear from Lemma 3 that we will need to estimate
the product ], ®7¢. For small d’s, we can use the corollary to Theorem 5
to estimate each term in the product. To deal with d’s in thé narrow range
(logn)l~< < d < (logn)'*</3, we need

LEMMA 7: With probability 1 + o(e,), one has

(1ogn)l+£§L
242¢n /3
H q):ivd < q(logn) / .
d=(logn)l—¢n

Proof: Let

(log'n)H""/3

Yn(f) = Z ‘P(d)wd-

d=(logn)l—¢n

By Lemma 4, it suffices to prove that
(12) QO (Ya > %(Iog n)2+20/%) = o(c,).

For any y > 0, E,(Ll)(Yn) >y QS)(Yn > y). In particular, taking y =
1(logn)*+2</3, we get

EV(Y,)

1
1) - 242n/3) « T N RS
(13) Qx (Yn > 2(logn) ) = %(logn)2+2en/3'
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Lemma 6 implies that, with probability 1 + ofe,), we have wy < wy for all
d > (logn)!~¢». We therefore get

E{N(Yn)

(logn)!+en/3

< Z w(d) Z Z QWM ({f p divides f})

d=(logn)!~n m=0(d) {monic, irred. p: ||p||=m}

(logn)t+en/? -

= X ) Y ami

d=(logn)l—¢n 1<m<n

m=0(d)
(log n)tten/3
logn
= Y @@0(=) = 0((ogn)*err).
d=(logn)l—¢n
Comparing this with (13) we get (12). |

For the intermediate range (logn)!*<~/3 < d < (logn)?*¢~/2, we need
LemMA 8: With probability (1 + o(e,)), one has

(log‘n)2+'"/2
24e€n/2
H q,;vd < q(logn) )
d=(logn)lten/3

Proof: Let

(Iog n)2+¢"/2

Wn = z W(d)wd'

d=(log n)l+en/3

Again by Lemma 4, it suffices to prove that,
Qﬁ}’(wn > (logn)2+‘"/2) = o(en).
Because

EM(W,)

(1) 2+€n/2 I S -
QY (Wn > c(logn) ) < Togn)Z+er/2”

it suffices to prove that ES (W) = o(en(logn)2*+~/2). For d > 1,

EP(wa) =) i@ -1=5)=) (r-1)QP(Qu=r)

j>2 r>2
1 :
<Y (r- D5 > QW ({ft p1P2 ... pr divides f}) +o(1),
r>2 (P11P2reoPr)

llp:11=0(d)



362 E. SCHMUTZ Isr. J. Math.

where the inner sum is over all ordered r-tuples of irreducible polynomials whose
degree is divisible by d. We can easily estimate the inner sum:

Z Q&l)({f: p1p2 ..., pr divides f})
(PL:P2+ s pr)
|1p:||=0(d)
n—my—mo—...—M,
< Z e(my)e(my) - - -E(mr)(q e )

(mp.mag....,

myr)
m,;=0(d) and m<n

By (6), we have ¢(m;) < ¢™/m;. Hence the last sum is

X ol mol(5)

r

m;=0(d) and m<n
But then
(log n)2ten/2

E'r(rl)(wn) = Z So(d)z:("'_]-)()((logn)r)

d:(logn)1+‘n/3 r>2

24en/2
r (logn)

(logn) 1
< Z(r_of_ﬁ Z dr—l'

r>2 " d=(logn)l+en/3

The contribution to this sum from the r = 2 term is small enough:

(Iogn)“’”‘/z

1
(logn)? Z 7= O((log n)? log log n) = o(cn(logn)2+cn/2).
d=(log n)1+¢n/3

The remaining terms (r > 3) are negligible:

log n)2*en/2
Z (logn)" (los i 1
(r—-1)! dr-1
d=(logn)lten/3
( 1
( 1)!0((]ogn)("—2)(1+€n/3)

) = o(en(logn)?+e/2), g

Finally, for large d’s we need
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LEMMA 9: With probability (1+o(e,,)), one has wy = 0 for all d > (logn)?*e~/3,

Proof: Let

B.(f) = Z l{(pl,pg): p; = 0(d) and pypy divides f}’

d>(log n)2+en/2

It suffices to show that Qﬁll)(Bn > 0) = o(ey). A similar averaging argument

works:

2
QB >0)<EPB)s Y o(l_"%ﬂ) =o(en). W

d>(logn)2+en/3

COROLLARY: With probability 1 + o(e, ),

I o=t

d>(log n)2ten/3

Finally, in proving the lower bound, we shall need information about the
distribution of orders for irreducible polynomials of a given degree. For this

we require

LEMMA 10: Define E(d,n) to be the number of monic irreducible polynomials
that have degree d and order less than q%/nf, where £ = £(n) := |(logn)</?].
Then there is a constant ¢ such that, for all sufficiently large n, and for alld < n,
d—cé

d

Proof: The order of any irreducible polynomial of degree d divides ¢ — 1.

q

E({d,n) <

Furthermore, for each m dividing ¢¢ — 1, the number of monic irreducible poly-
nomials that have of order m and degree d is at most ¢(m)/d [15, page 85].
Finally, ¢(m} < m for all m. Combining all these facts, we get

E(d,n) < Z %—) < é Z m.

migd—1 miqd—1
m<(q¢/nt) m<(q4/nf)

If mk = ¢ — 1 and m < ¢%/n%, then k > né(1 —1/¢%) > in®. Thus we have
d

1 ¢“¢-1 q 1

< = < —.

E(d,n)_d Z < -
klq¢—1 lg* -1

k|q®
1 1
k>3nt k>1né
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Let P*(k) denote the largest prime factor of k. We split the sum as follows:

q¢ 1 ¢ 1 1
T Y =T )
Ejgd—1 1 2

k>int

where the sum }_, is over all k¥ for which:

(a) k divides ¢¢ — 1,

(b) k> inf, and

(¢) P*(k) > nt.

(In the second sum Y, one has P*(k) < n®.) To estimate ) , we further
decompose it according to the size of the largest prime factor of k. Factoring k
as k = p- j, where p = P*(k) > n* and j|g? — 1, we get:

1
D DD D

primes p>nt j|g9—1
plgt—1

Obviously ¢¢ — 1 has O4(d) = O(n) prime factors [8]. We therefore have the

crude estimate ) )
Z -=0, (—3)
P n

primes p>n?
plg?-1

Erdés [8] proved that
1
— = O(loglog d).
> — = O(loglogd)

m|q¢—1

5 -o(0)

1

Thus

To deal with }_,, we first define ¥(z,y) to be the number of positive integers
< z having prime factors that are all less than or equal to y. Then

PIPRS Z %

kigm > k2 dnk
Pt(k)<nt

i
™

4y —_1..8) <
(q:(k,n) ¥(k—1,n )) < HEET
k: q">k_>_%n5 k:kZ%nf
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It is well known [15] that there are constants cp, ¢y such that, for all z > y > 2,

logz
¥(z,y) <z exp(—co loiy)'

In particular, with y = n and = = k, we get

U(k,nt —e
223 Z ‘k‘:-((leg<q 3

kik>Lné

for some constant c. i

6. Lower bound

Combining (11) with Lemma 7, Lemma 8, and the corollary to Lemma 9, we
conclude that, with probability 1 + o(e,),

(14) T @y < qlosm ",
d=1

Therefore, by Lemma 3, we have

T T2 T

(15) QO (Tn > o Tmne) = 1+ olen).

In order to use (15), we need to determine how large the 7;’s are.

LEMMA 11: Let F7 := {f: T > ﬂi—i— for all 7 < w}. Then, for k = 1 or 2,
ENF) =1+ ofen).

Remark: Intuitively, we expect the 7;’s to be conditionally independent, given
the degree sequence. When coupled with Lemma 10, this should tell us how large
the ;’s are. This heuristic is not misleading, but it is not strictly true either. In
order to provide a rigorous proof, it is necessary to identify various exceptional

sets whose contribution is negligible. I have not been able to simplify the proof.

Proof: Let us revert to our notational conventions from Theorem 2: irreducible
factors of a polynomial f will be labelled in an order that refines the ordering
by degrees. In other words, if f = A¥p]'ps?---pl~, and d; = ||p;||, then it is
understood that d; < dg < --- < d,,. With this notational convention, we can

define L := |c---logn], and let

(16) v(f) := min{s: ||p:|| > L}.
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(For those exceptional polynomials whose irreducible factors’ degrees are all less
than L, define v(f) = w(f), say. These form a small set whose probability
is negligible [22], [17].) Lemma 6 implies that, with probability 1 + o(e,), we
have d;r; < L for all ¢ < v. Hence, with Qslk)-probability 1+ o(e,), we have
g¥mi/n¢ < 1 for all i < 7. Since the 7;’s are all positive integers, it follows
immediately that, with Q,(«,k)-probability 1+ o(en), we have

d.r.
. q i1
(17) (Vi<y) ©2> s

It is therefore sufficient to prove that, with probability 1 + o(e,), one has 7; >
g%™ /nt for all i in the interval y(f) < i < w(f). Let

Fi= {f: 7. > q%" /n®  for all 7 in the interval y < i < w}.

By (17), it suffices to prove that Qslk)(]-'l) =1+ o(en).
To this end, define

fg::{f:rizlforvsigw},

and
Fa={frd;#d;fory<i<j<w)

Also, let F, consist of those polynomials in U, for which there are at most 2logn
distinct irreducible factors of degree larger than L. Finally, let

Fs=FanNFsnNFy.
By Lemma 6 and Theorem 5, we have Qﬁlk)(fs) =1+ o(€,). Thus we have
(18) QW (Fs)=1+o0(en), k=1,2.
This will enable us to restrict our attention to .7-'6d§f}‘1 N Fs. Notice that
Q(F1) = QW (Fo) + QW (F1 N F).
Certainly the second term is negligible by (18):

QP (F1 N FE) < QIN(FE) = ofen).
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It therefore suffices to prove that Qslk)(fe) =1+ o(e,). To this end, define
b
J(a,b) := {(jz)l Zoi L <Ja<Jag1 <---<Jpand ZjiSn}.

For J'= (ji)i=h € J(a,b), let

Ay ={f€Fpvy=0a,w=b, andd;=jfori=a,a+1,...,b}.

Then
(19) QPF) =Y. D ¥4y
b—a<2logn JET(a,b)
a<bd
and
(20)

Q) (Fe) = Z Z QP (A7QP (i > g% /nf for v < i < w|4y).

b—a<2logn ejab
< jeT (a,b)

Note that, for f € Ay, we have r; = 1 for a < ¢ < b. Because the degrees are
distinct, we have conditional independence:

d; b d.
k q : _ k q
(21) Q%)(Ti2¥f0r7§25w|x4j>—HQ%)(EZ;{’A]*)-
By Lemma 10 we have, for a < i < b,

d;—ct
(2 510) > (- )

(where £ = [(logn)*/2| and €, = 1/logloglogn). From (6), we have e(d) >
¢%/2d, and consequently g%~ /de(d;) < 2¢~%. Thus

10(r 2 S145) > 0 - 2075057 = 1 o).

It is important to note that the constant implicit in the o(e,) can be chosen
uniformly with repsect to j. If we put this into (21) and then (20), we get:
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QW(F = >, Y QP4+ o))

b—n;;;)ogn j’e](a,b)
= QW F5)(1 + o(en)) =1 + ofen). ]
With Lemma 11 at our disposal, we can now prove the lower bound in

Theorem 1. Define Fg := {f: w < 2logn }ﬂf7- By Theorem 5 and Lemma 11,
gxk)(fs) =1+ o(e,). But for ALL f € F,

qd1r1+~~~+dwrw qn—v n—v

_ q
T2 Tw 2 nwé - nwé 2 n2€logn’

Recall the definition of v: AY divides f but A*! does not. To deal with v,
note that for any postive integer vg < n, 511)(1) > vy) = 1/g%. Also note that

B > 0) =0 Let Fg = {f: v < (loglogn)?}, and let Fio = Fa( Fo.
Then Q%k)(fg) =1+ o(e,}, and consequently Q,(f)(}'m) =1+ o(e,). But for all
f € Fro,

qn—(log logn)?

- 2-4¢€
(22) TIT2 " Tw Z W Z q’n (log n) .

This completes the proof of the lower bound in Theorem 1. ]

7. Reduction from matrices to polynomials

We have determined the order of a typical polynomial. Qur goal is to determine
the order of a typical matrix. The second problem will be reduced to the first
problem using an approximation theorem that is stated below. Recall that a;(f)
denotes the number of irreducible factors of degree i that f has. Given ¢ = £(n),

let AP = (aos1,®e4a, - -, 0n). Then we have

THEOREM 12 ([17]): There is an absolute constant cy such that, for all positve
integers £ and n that satisfy cologn < £ < n, and forall BC N n-t

QPP e B)- QM (AP e B)| < %-

Theorem 12 will be used to prove the following

THEOREM 13: There is a constant Ng such that, for alln > N,,

1-6, <QP(By) < 1.
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One could prove Theorem 13 directly, without using Theorem 12, if one instead
used Kung and Stong’s vector space cycle index identity [24]. The ideas would be
very similar to those in the proof of Theorem 1, but the computations would be
very long and complicated. Although our proof of Theorem 13 is not completely
trivial, it is signifigantly shorter than a direct proof.

Proof: The upper bound for T, was already proved in section 4. To prove the
lower bound, observe that for all f € Uy, T,(f) > LCM(7y, Ty41, ..., Tw). Define
Q,(f) to be the number of irreducible factors of f whose degree is (a) divisible
by d, and (b) larger than L. Let w,(f) = max(0,—1 + Q,(f)). Then, as in

Lemma 3,
TyTy4l - Tow

LCM(7y, Tyt1s - +» Tuw) 2 .
Ine;
d

Let D,.(f) = 7yTy41 - Tw. If we can prove both of the inequalities D, >
Yy “
g~ o)™ /% and [mae): < qe8™*™**’* then we certainly also have T.(f) >
5 !
)2+en

g™~ (oe™)™*" | By Theorem 12, we have

(23) Qg)(négd > q(‘Ogn)2+3¢n/4> _ QS)(HQ? > q(logn)2+3‘”/4\) n 0(6,1).
d d
On the other hand, using (14) and the fact that w:i < wy, we get
QW (TTou 2 qtem™™) < O (T @3 > gtsm™ ") = ofen).
d d

It therefore suffices to show that
QSZ)(Dn > qn—(logn)2+3e,./2) —14 O(fn).

By Theorem 5, Qﬁf)(w > 2logn) = o€, ). This plus Lemma 11 imply that, with
5,2)~probability 1+ o(en), we have

qd7r7+"'+d”“’ 24+3en /4

D, >

> o > qn—(log n)
n

It is not quite true that the order of a matrix is the order of its characteristic
polynomial. However, they differ by no more than a factor of nq. Hence we can
also prove the following
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COROLLARY: Let S, consist of those matrices A € G, for which g™~ (eg™)* ™ <
T,(A) < " U™ Then

QA(S,) =1+ ofey).

Perhaps the main results in this paper could be strengthened using more
sophisticated techniques from probability theory.
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